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Econometrica, Vol. 78, No. 2 (March, 2010), 803-821 

SOLVING, ESTIMATING, AND SELECTING NONLINEAR DYNAMIC 
MODELS WITHOUT THE CURSE OF DIMENSIONALITY 

By Viktor Winschel and Markus Krätzig1 
We present a comprehensive framework for Bayesian estimation of structural non- 

linear dynamic economic models on sparse grids to overcome the curse of dimensional- 
ity for approximations. We apply sparse grids to a global polynomial approximation of 
the model solution, to the quadrature of integrals arising as rational expectations, and 
to three new nonlinear state space filters which speed up the sequential importance re- 
sampling particle filter. The posterior of the structural parameters is estimated by a new 
Metropolis-Hastings algorithm with mixing parallel sequences. The parallel extension 
improves the global maximization property of the algorithm, simplifies the parameter- 
ization for an appropriate acceptance ratio, and allows a simple implementation of the 
estimation on parallel computers. Finally, we provide all algorithms in the open source 
software JBendge for the solution and estimation of a general class of models. 

Keywords: Dynamic stochastic general equilibrium (DSGE) models, Bayesian 
structural time series econometrics, curse of dimensionality. 

1. INTRODUCTION 

Many modern macroeconomic models with rational expectations are 
nonlinear and linearization combined with a Kaiman (1960) filter has sev- 
eral disadvantages. Fernández-Villaverde and Rubio-Ramírez (2006) reported 
evidence for nonlinearities in macroeconomic data; consequently, linear esti- 
mates are likely to be biased. Theoretical nonlinearities naturally arise in the 
aggregate, for example, in a model with nominal rigidities and a lower bound 
on the nominal interest rate; see Billi and Adam (2007). 

Unfortunately, a nonlinear likelihood based econometric approach is a com- 
plex numerical operation with at least four problems. We propose innovations 
to all of them. The first problem is to solve the model. Here we use the Smolyak 
operator for a polynomial approximation of the policy functions as well as 
for the quadrature of rational expectations. The second problem is to evalu- 
ate the likelihood where we introduce three nonlinear state space filters. The 
third problem is to generate parameter estimates. We do this by a new paral- 
lel Metropolis-Hastings algorithm. The fourth problem is to program all these 

1 We thank Wouter Denhaan, Paul Fackler, Jesús Fernández-Villaverde, James Heckman, Flo- 
rian Heiss, Kenneth Judd, Michel Juillard, Felix Kubier, Alexander Ludwig, Thomas Mertens, 
Juan Rubio-Ramírez, and the participants of the Institute on Computational Economics at the 
University of Chicago and Argonne National Laboratory, 2005, for discussion and inspiration. 
We also thank the anonymous referees for their valuable comments. This research was supported 
by the Deutsche Forschungsgemeinschaft through the SFB 649 Economic Risk. 
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804 V WINSCHEL AND M. KRÄTZIG 

complex interacting algorithms. As a solution, we provide the open source soft- 
ware JBendge2 for a general class of models. 

The currently predominant approximation strategy is a local perturbation 
approach based on the implicit function theorem discussed by Judd and Guu 
(1997), Judd and Jin (2002), and Gaspar and Judd (2005).3 A global ap- 
proximation based on the projection method is presented by Judd (1992). 
Aruoba, Fernández-Villaverde, and Rubio-Ramírez (2006) compared these ap- 
proaches. 

The global approximation of functions or integrands suffers from exponen- 
tially growing computational costs, called the curse of dimensionality, in case 
it is extended from the univariate to the multivariate case by the tensor opera- 
tor. The curse effectively restricts tensor based global approximation methods 
to be useful only for a few (in our case, six) dimensions. We replace the ten- 
sor operator by the Smolyak (1963) operator, applicable for polynomial, finite 
element, or wavelet approximations. It decreases the approximation burden 
for sufficiently smooth functions and integrands from exponentially growing 
costs to a polynomial order; see Bungartz and Griebel (2004) for an extensive 
summary. 

The current approach to the evaluation of the likelihood of state space mod- 
els is dominated by the sequential importance resampling particle filter and its 
extensions described in Doucet, de Freitas, and Gordon (2001). We introduce 
three new nonlinear filters based on deterministic integration to overcome the 
high computational burden of the particle filter. 

The first filter is the simple but very fast deterministic Smolyak Kaiman fil- 
ter, which is an improvement of the unscented Kaiman filter by Julier and 
Uhlmann (1997). The unscented integration restricts the computational costs 
to rise linearly with the dimension of the integrand and, accordingly, suffers 
from a decreasing approximation quality. Moreover, the unscented method 
is tailored to integrands weighted by Gaussian densities and cannot be easily 
adapted to other cases, whereas the Smolyak quadrature is readily applicable 
to any existing univariate scheme. 

The Smolyak as well as the unscented Kaiman filters approximate some non- 
Gaussian densities with Gaussians during the filtering recursions. As an im- 
provement, we propose the Smolyak particle filter, which uses the density ob- 
tained by the Smolyak Kaiman filter as the proposal density for the sequential 
importance resampling particle filter. This is an approach similar to the un- 
scented particle filter of van der Merwe, Doucet, de Freitas, and Wan (2000). 
Our third new filter deterministically approximates the non-Gaussian densities 
by Gaussian sums. 

2 JBendge is an acronym for Java based Bayesian estimation of nonlinear dynamic general equi- 
librium models. The homepage of this project is at http://jbendge.sourceforge.net/. It is licensed 
under the GPL. 

3 Current software packages that implement these methods are, for example, Juillard (1996) or 
Schmitt-Grohé and Uribe (2004). 
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NONLINEAR DYNAMIC MODELS 805 

For the parameter estimation, we combine the Metropolis-Hastings algo- 
rithm with the genetic algorithm of Storn and Price (1997) to receive a par- 
allel version. This improves the global maximization properties, automatically 
chooses the innovation variances on the run, and simplifies the implementation 
on parallel computers. 

One application of the Smolyak operator is presented by Heiss and Winschel 
(2008), where a Smolyak based mixed logit likelihood estimator systematically 
outperforms simulation based methods. The research on likelihood based non- 
linear dynamic structural estimation has just started with a number of papers 
by Fernández-Villaverde and Rubio-Ramírez (2004, 2005, 2006) and a recent 
estimation by Amisano and Tristani (2007). 

The rest of the paper is divided into four sections: economics, econometrics, 
results, and conclusion.4 In the economics Section 2, we present the generic 
model class, the optimality conditions for the example model, the Smolyak op- 
erator, the nonlinear solution strategy based on a Chebyshev approximation, 
and the approximation error estimator. In the econometrics Section 3, we de- 
scribe the Smolyak Kaiman filter, the particle filter, the Smolyak particle filter, 
and the Smolyak sum filter, the parallel Metropolis-Hastings algorithm, the 
convergence diagnostics, and the calculation of the marginal likelihood. In the 
results Section 4, we summarize the performance of the solution method, the 
filters, and the estimators. In Section 5, we conclude. 

2. ECONOMICS 

Our general model class 

= j ySt7 Xt9 2.f, o), wnere /.ík. - > k. , 
-  JJ U( o v o c v • Ck' wrU&t-f* L -Wpds+dx+de+ds+dx  v T®dz 

o  rrf e v o • (X' ''TVif*r(* wnere et • l'J>ds+dx+de  - . >► TD>^s k st+i o  - g(st,xt,et+i,v), rrf e v o • (X' ''TVif*r(* wnere g.K et • -  . >► k , 

is formulated in terms of dynamic first-order optimality conditions /, expected 
functions h, and state transitions g. The variables are states st e Rds, policies 
xt e Rdx, expected variables zt g Rdz, and random shocks et+ì e Rde, which are 
usually assumed to follow a normal distribution et+ì ~ A/"(0, Xe) with a diago- 
nal Se- The vector 6 contains the structural parameters. 

4Additional material is available in the supplemental material to this paper (Winschel and 
Krätzig (2010)), which has details on the linearization of the general model, the new filters, the 
Metropolis-Hastings algorithm, an example of a two-dimensional Smolyak polynomial approxi- 
mation, and detailed simulation results. 
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806 V WINSCHEL AND M. KRÄTZIG 

2.1. Model 
In our example, the allocation problem is solved by the dynamic optimization 

oo N 

max U = E0YYpUn,t 

for n = 1, . . . , N countries and all future periods t > 0. The welfare function U 
is a discounted sum of country utilities J7M = (cen"t(' - /„,i)1~ö")1"Tn/(l - T«) 
with a common discount factor ß for all countries, an elasticity of intertem- 
poral substitution Tn, and consumption and leisure substitution rate 0n, for 
each country. The world budget constraint X^iO^.* ~~ cm ~ in,t) = 0 restricts 
the world output to be either consumed or invested. The policy variables are 
consumption cM, labor /M, and investment iM for each country. The produc- 
tion technology ynJ = ean^ kannjln~tan depends on productivity aM, capital &M, 
labor /M, and the technical substitution rate an. The capital and productivity 
transitions are 

(1) kn,t+l = intt + (1 - 8n)kntt - 0.5Kn/^, 
(2) an,t+i = pnan,t + entt+i , 

where Sn are the depreciation rates and pn are the autocorrelation coefficients 
for the productivity processes with normally distributed shocks enJ ~ A/*(0, c7eAJ ) 
which are independent across countries and time. In the capital transition 
equation (1), we include capital adjustment costs parameterized by Kn. They 
assure that the state of the system is not simply the aggregate capital stock, but 
its distribution across the countries. 

The variables and parameters of the example model correspond to the vari- 
ables of the general model class as follows: st = {&„,,, antt}*=1, xt = {cM, /M, 
kt)n=l> et = {en,t}n=l> 6 = iTn, On, «w, 8n, pn, Kn, CTeJ^=1 U {jß}. 

2.2. Optimality 
The Bellman equation for Vt = V(kitt, . . . , kNit, a'tt, . . . , aNy, 6) is 

N N 

Vt = max Y2 U»'* + ßEtVt+i + 'B ̂ 2,(yn,t ~ cn,t - in,t) 
{Cn,t,ln,t,in,t*n,t+'}n=X n=1 n=1 

N 

+ ^2 Án(kn,t+1 - (1 - Sn)k„tt - in,t + 0.5lCnI^f ). 
n=' 

As a characterization of the solution, we obtain JV Euler equations 

(3) 
1 dUn" - ßEt(aUn>t+1(ayn>t+1 + l~Ôn '' =0, 1 - KnÌn,t dCn,t 

- 
'âCnft+l 'dkn,t+í 

+ 
1 - KnÍnJ+i)) 
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NONLINEAR DYNAMIC MODELS 807 

N intratemporal trade-offs between consumption and labor supply 

(4) ^ dln,t 
+ ^^=0, dCHit dlntt dln,t dCHit dlntt 

and N - 1 cross-country optimality conditions for n = 2, . . . , N, 

(5) 1 ] d}h± = dJLhL (5) 1 ] 
dcu 

= 
dcntt 

' 

The 47V equations for the variables cM, /M, /M, and knJ+i are the N Euler 
conditions (3), N intratemporal trade-offs between consumption and labor (4), 
N - 1 equalities of marginal utilities (5), and the budget constraint and N 
capital transitions (1). 

The mapping into the general model class is the following: the 2N - 1 equa- 
tions (3) and (5) describe the policy functions for /u, . . . , lNtt and i2tt, . . . , Ín,í 
in the general first-order conditions /. The general model functions h for TV 
forward looking variables are given by the arguments of the expected values in 
the Euler equations (3). The N capital transitions (1) and the N productivity 
transitions (2) form the state transition functions g of the general model. 

2.3. Solution 

Our solution approach is to iterate on the implicitly defined policy functions 
x*:Rds -» Rdx. The policy values x(k) at the grid of the states in each itera- 
tion k are obtained as the solutions to f(s, x(k' z{k~1]) = 0 for given expected 
variables z{k~1] = ^Eeh{x{k~l)) based on the policies x{k~X) from the previous 
iteration. We generate the start values for the iteration from a linear approxi- 
mation. 

The evaluation of z{k) involves a numerical integration which can be thought 
as a polynomial approximation of the integrand with a subsequent trivial in- 
tegration. This amounts to evaluating Eeh(e) = f h(e)p(e)de « J2jwjh(ej)> 
where the continuous random variable e and its density p(e) are essentially 
discretized into realizations e¡ with mass Wj. 

An alternative approach would solve for x in f(s, x, Ee/i(x)) = 0 in one large 
system of dg x dx equations, where dg denotes the number of grid points of the 
approximation. Our method has the advantage that we can solve dg separate 
systems with dx equations during each iteration. Moreover, the Jacobians for 
these small systems are available.5 

A restriction of the function iteration scheme is that all policy variables have 
to appear in the contemporary policy vector x in f(s, x, z) - 0. 

5 JBendge uses a symbolic engine for an automatic calculation of these Jacobians. 
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808 V. WINSCHEL AND M. KRATZIG 

2.3.1. Approximation 
The approximation of the policy function x*(s; c) = J^j cjbj(s) is character- 

ized by the coefficient vector c = {cu . . . , cj) of Chebyshev polynomials with 
basis functions bj(s). These coefficients are obtained from the constraint that 
the true function values are equal to the approximation at the Gauss-Lobatto 
grid of the states whose number drives the solution costs. 

The tensor operator extends a univariate approximation to the multivariate 
case by combining each element of the univariate grids and basis functions with 
each other. The univariate approximation of function x is given by 

with approximation level i e N and grid points sj. The a[. are functions in a 
function approximation and weights in a numerical integration. 

The multidimensional (d > 1) tensor product operator ® is defined as 

h=1 Jd=l 

The number of grid points Y[1=i mij an^? thus, the number of function evalu- 
ations needed to identify the coefficients of the approximation c grows expo- 
nentially with d. 

The Smolyak operator is given by 

q-d+l<'i'<q ^ ^ 

where d is the dimensionality of the function to be approximated, q is the level 
of approximation, and / = {iu . . . , id] is a multiindex with 'i' = ^; ijm This for- 
mula highlights the fact that the Smolyak operator is a simple linear combina- 
tion of some lower level tensor products. 

The Smolyak operator constructs the multivariate grid as a combination of 
some lower level Cartesian products x of the univariate grids s**: 

(6) Hq,d= U (^x.-.x^). 
q-d+l<'i'<q 

We illustrate the Smolyak operator step by step in the Supplemental Material 
(Winschel and Krätzig (2010)). For alternative presentations, see Kubier and 
Krüger (2004), Heiss and Winschel (2008), Bungartz and Griebel (2004), or 
Barthelmann, Novak, and Ritter (1999). The last paper is the closest to our 

This content downloaded from 134.155.150.199 on Wed, 20 Nov 2013 20:08:26 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


NONLINEAR DYNAMIC MODELS 809 

application and contains the following result: for a smooth policy function x(s) 
(i.e., xeFk = {f: [a, b]d -> R'Daf is continuous if at < k V/}), the accuracy of 
a polynomial Smolyak approximation is O(n~k('ogn){kJrl){d~l)), where n is the 
number of grid points. 

The error of the approximation is controlled by the Euler error proposed by 
Judd (1992), which is a normalization of the residuals of the first-order condi- 
tions. Dividing the residual by (1 - ln(st)){1~dn){X~Tn) /{Kninyt - 1) and taking it to 
the power of l/(0n(l - rn) - 1) gives the Euler equation in terms of consump- 
tion: 

C( W-cAs) ,_ ( ,_ ( ßEth(s,x*(s),e,s'x*(sy,9) '^~^ r C( W-cAs) ,_ ( ,_ 
y{l_lÁs))^en)a-,n)/{Knint-i)) 

s' = g{s,x*(s),e'). 

The Euler error is finally given by rE = 'rc(s)/cn(s)'. A log10 error of -3 means 
that the utility loss due to the approximation is less than one per 1000 dollars. 

3. ECONOMETRICS 

The Bayesian estimation given a model M¿ is based on the joint density 

p((o,y,0Mi'Mi) = p(co'y,dMnMi)p(y'dMi,Mi)p(0Mi'Mi) 

of observables y, variables of interest co, and unobservable parameters and 
states 6 Mi = {0} U {s}. The factorization describes functional forms and shock 
distributions for the variables of interest p(co'y, 9Mi,Mi), the likelihood 
Piyi^Mi, Mi), and the prior density of unobservables p(6Mi'Mi). The likeli- 
hood transforms the prior into the posterior of unobservables 

"•*»'•*>= - jm~) - 

fpiyieM^M^pidM^MdddM,' 

The marginal likelihood p(y'M¿) integrates out the parameters and transforms 
a model prior p{Mi) into its posterior p(Mi'y) whose ratio, the Bayes factor 

p(Mj'y) = p(M¿) p(y'Mj) 
p(Mj'y) p(Mj) p(y'Mj)' 

selects the model with the best in-sample forecast quality, that is, the one which 
allows a higher compression of the explained data. This criterion is valid for 
nonnested models with different functional forms or shock densities. 
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810 V. WINSCHEL AND M. KRÄTZIG 

3.1. Filtering 

The model solution x*(s), the state transition equation st = g*(st-u x*(st-i), 
et) = g(st-l9et) O p(st'st-i), and a measurement equation yt = m*(st,x*(st)) + 
et = m(st) + st <& p(yt'st) form a nonlinear state space model. 

For a given parameter vector and prior of the unobserved state p(s0) = 
p(so'yo), the data of each period yt transform the previous posterior density 
of unobserved states p(st-''y'-t-') in a prediction and filtering step into the 
next posterior p(st'yi:t).6 

In the prediction step, the prior is formed according to the Chapman- 
Kolmogorov equation 

p(st'y1:t-i) = / p(st,st_i'yh^l)dst.1= / /K^l^i)/H^-ilyi:r-i)^,_i 

and is updated in the filtering step to the new posterior 

p(st,yt'yi:t-i) _ p(yt'st)p(st'yl:t-i) 
p{st'yv,)- 

p^y^ 
_ - 

fpiy^pistly^dst 

with respect to yt, which becomes the prior with respect to new data yt+i in 
the next iteration. The normalizing constant lt = f p(yt'st)p(st'yi:t-i) dst = 
p(yt'y1:t-i) is the period's contribution to the likelihood of the complete sample 

T T 

£(0; yi.r) = p(yi-.T'0) = Y' p(yt'yi,-u 0) = f[/r. 
t=' í=i 

The likelihood transforms the prior parameter density into the posterior 

P(yi:T) 

An overview of various approaches to this problem can be found in 
Arulampalam, Maskell, Gordon, and Clapp (2002). The following subsections 
summarize the main ideas for the filters. Detailed formulas can be found in the 
Supplemental Material. 

3.1.1. Smolyak Kaiman Filter 

The extended Kaiman filter linearizes the state space equations and then 
applies the Kaiman filter. A widely used improvement is the deterministic un- 
scented filter by Julier and Uhlmann (1997), where the prediction p(st'y'.A-{) 
and posterior densities p(st'y':t) are approximated by Gaussians whose first 

6The notation y1:t is a shorthand for {yx, . . . , yt}. 
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NONLINEAR DYNAMIC MODELS 811 

two moments are updated by the Kaiman method. The unscented integration 
of these two moments addresses the curse of dimensionality by restricting the 
number of grid points to rise linearly with the dimension and there by shifts the 
curse to a rising inaccuracy of the approximation. Our Smolyak Kaiman filter 
uses the theoretically sound Smolyak Gaussian quadrature instead. Its advan- 
tage is that the approximation level can be freely chosen and that any shock 
density with an existing univariate quadrature scheme can be incorporated. 
Our approach reduces the moment approximation error, but also retains the 
error from assuming the densities to be Gaussian. 

3.1.2. Particle Filter 
The particle filter updates the posterior density of the unobserved states by 

sequential importance sampling. It is easy to implement, very general, and 
arbitrarily accurate, but it needs very large samples since it does not use the 
smoothness of the integrand and the latest observation in its proposal density 
p(st'st-i), which should also condition on yt. 

3.1.3. Smolyak Particle Filter 
Our second filter is the Smolyak particle filter which generates the particle 

filter's proposal density by the densities obtained from the Smolyak Kaiman 
filter. By that it incorporates the latest observation and combines the advan- 
tages of both filters - the accuracy of the slow particle filter and the speed of 
the potentially inaccurate Smolyak Kaiman filter. 

This idea is similar to that used by Amisano and Tristani (2007), who gener- 
ated the proposal density by some kind of extended Kaiman filter, or to that 
used by van der Merwe et al. (2000), who used the unscented filter. 

In contrast to the particle filter, these filters do not break down in state space 
models with very small measurement errors or without any errors at all. 

3.1.4. Smolyak Sum Filter 
The basic idea for the Smolyak sum filter is that any density of practical 

concern can be approximated as a weighted sum of normal densities p{x) ^ 
J2i (OiÁÍ(x', fi', X). This filter approximates the prediction and filtering densi- 
ties and effectively runs several Smolyak Kaiman filters in parallel. The weights 
are updated according to the likelihood contribution of each summand. 

The idea can be traced back to Alsbach and Sorenson (1972). More recently, 
Kotecha and Djuric (2003) revived this approach, but they used costly impor- 
tance sampling to approximate the involved integrals. Instead, we propose to 
use Smolyak Gaussian quadrature again. 

Anderson and Moore (1979) presented this approach for a model with addi- 
tive noise in the measurement and state equations. In our setting of nonaddi- 
tive state shocks, we therefore implicitly assume that the weights are preserved 
during the prediction step. This simplifying assumption deserves further elab- 
oration. 
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812 V WINSCHEL AND M. KRÄTZIG 

3.2. Postenor Density 
The Metropolis-Hastings algorithm generates draws from a density if this 

density can be evaluated at any point of its domain. Once we can evaluate the 
likelihood in p(y ' 6)p( 0), we obtain a histogram of draws of 6 that approximate 
its posterior p{6'y). For details, see the introdution in Chib and Greenberg 
(1995). 

The parameter space is traversed by a random walk. A generated candidate 
parameter 6n is accepted with the probability given by the ratio between the 
candidate's posterior and the posterior of the previously accepted parameter 
dn-'. This qualifies the algorithm as a global maximizer. The survival according 
to the parameter's fitness, measured by the posterior, qualifies it as a genetic 
algorithm. 

The innovation variance influences the density region covered by the ran- 
dom walk. After convergence, sampling around the mode with a large variance 
generates candidates far from the current value and results in a low acceptance 
ratio. Smaller variances increase the acceptance ratio, but decrease the region 
being covered so that low probability regions may be undersampled. If the in- 
novation variance is tuned to balance this trade-off at an acceptance ratio of 
around 30%, the algorithm converges to a representative sample drawn from 
the target density. 

The critical choices of the algorithm are the starting value 0O, the conver- 
gence detection, and the innovation variance of the random walk. 

3.2.1. Convergence Test 

The starting value 60 drives the number of burn-in draws to be discarded 
before a representative region of the target density is reached. Formal conver- 
gence tests along with eyeballing make up an important part of the estimation 
process. 

The convergence test we use can be based on one subdivided sequence or on 
several parallel sequences as in our parallel algorithm. The idea is to diagnose 
convergence if the sequences appear to be drawn from the same distribution 
according to a distance measure between the within- and across-sequence vari- 
ances. Examining only one sequence will result in overly optimistic diagnostic 
tests. Gelman and Rubin (1992) pointed out that lack of convergence, in many 
problems, can easily be detected from many sequences but not from one. 

3.2.2. Parallel Mixing Metropolis-Hastings 
The variance for the innovation shock is the major problem of the algorithm, 

since the optimal variance can be derived only from the variance of the target 
density. The usual approach is, therefore, to estimate the variance repeatedly 
from training sequences which are also useful to assure robustness with respect 
to the start value. 
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NONLINEAR DYNAMIC MODELS 813 

We propose to run multiple sequences simultaneously and not sequentially. 
By doing so, we can assure robustness with respect to the start values, unbias 
the convergence diagnostic test, and, most importantly, estimate the innova- 
tion variance on the fly. The idea is to run several sequences m = 1, . . . , M in 
parallel and generate the candidate vector in each sequence according to 

0*m = 0m,n + yGE(dmun - 0m2,J + e, where e ~Af(0, bl). 

The innovation from the random shock is common to the standard algorithm 
but we use only one variance common to all shocks. The additional source of 
innovation is the difference between the parameter vectors from two randomly 
chosen sequences mx and ra2. The scalar yGE and the shock variance b deter- 
mine the relative weight of the mixing and random walk innovations, and are 
the only two values that need to be tuned for an appropriate acceptance ratio 
instead of one variance for each estimated parameter. 

The intuition of our approach is that the variance of the difference between 
two randomly drawn parameter vectors is the optimal variance given that the 
sequence has converged. Our idea originated from the diagnosis test where the 
within- and between-sequence variances are examined and convergence is de- 
tected when they are of a similar size. Since we know that the optimal variance 
is the scaled variance of the target density, the between-sequence variance is 
a good estimator of the optimal variance, ter Braak (2006) derived the same 
candidate by analogy to the global evolutionary optimization algorithm, called 
differential evolution, by Storn and Price (1997). This evolutionary feature sub- 
stantially improves the search for the modus of the posterior in the beginning 
of the sampling process. 

3.3. Marginal Likelihood 

The marginal likelihood p{y'M{) can be approximated by a simple calcula- 
tion based on the Metropolis-Hastings draws and their associated posterior 
values. Gelfand and Dey (1994) showed that for any density h(6Mi'Mi)9 the 
expected value 

approximates the inverse of the marginal likelihood p(y'Mi)~1. 

4. RESULTS 

All results are calculated by JBendge, which is programmed in Java. The 
hardware we use is a shared memory cluster with 16 CPUs. The parallel 
Metropolis-Hastings algorithm allows for a simple parallelization. 
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The model is parameterized equally for all countries by an = 0.4, ß = 
0.99, 8n = 0.02, pn = 0.95, 6n = 0.357, rn = 2.0, and anitt = 0.007. The solu- 
tions for the multicountry models are calculated for Kn = 0.01. The estimations 
are done only for the one country model with the parameterization r = 50 
and aa = 0.035. To simplify the estimation, we set capital adjustment costs 
to zero (k = 0) and obtain analytical expressions for the steady state values, 
a = 0.0, k = 23.27, c = 1.29, 1 = 0.47, / = 0.31, and y = 1.75, which are inde- 
pendent of T and aa. The missing investment costs allow us to compare our 
estimates with those obtained by Fernández-Villaverde and Rubio-Ramírez 
(2005). 

4.1. Solution 

The multicountry model allows us to vary the number of countries and thus 
the dimensionality of the approximated policy functions. 

Table I documents the results. The tensor approximations are constructed 
from a minimal 3 point univariate approximation so as to obtain a nonlinear 
solution. This results in 3d grid points for the simplest tensor approximation. 
For the Smolyak approximation, we use levels 2, 3, and 4 for the models with 
four and six states, and afterward use only levels 2 and 3. 

The quality of the approximations is measured by the number of grid points 
the running time for a solution in seconds, and the maximal absolute Euler 
error at 10,000 random points in the approximation space. 

The Smolyak operator is already superior to the tensor operator for a small 
model with four states, where the Euler error on a 41 point Smolyak grid is 
smaller than the error on a tensor grid with 81 points, although the solution 
time is the same. For the next level with a similar error, the Smolyak operator is 
more than three times faster and uses about five times less points (137 vs. 625). 

The efficiency gain for the model with six states is even more dramatic. Here 
the Smolyak operator needs only 85 compared to 729 points of the tensor op- 
erator for similar approximation accuracy. The running times are accordingly 
about four times lower for the Smolyak operator. 

The tensor operator breaks down for models beyond six states, while the 
Smolyak operator is still doing fine. The biggest model we were able to solve 
has 22 states and it took around 1 hour for an approximation error of 1JE-5. 

4.2. Estimation 

We simulated data sets of 100 observations, starting from the deterministic 
steady states generated by very accurate nonlinear solutions of the one country 
model with the state's productivity a, capital k, and one labor decision /. The 
consumption policy can be solved analytically from the intratemporal trade-off 
in terms of the labor policy. The observables in the measurement model are in- 
vestment /, labor /, and output y. The measurement shocks are assumed to be 
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TABLE I 
Smolyak (S) and Tensor (T) Based Solutions 

States Op. Points Error Sec. 

4 S 9 6.6E-4 0.3 
4 S 41 8.1E-6 2.5 
4 S 137 93E-7 24.0 
4 T 81 4.9£-5 2.5 
4 T 625 1.8E-7 88.5 
6 S 13 6.2£-4 0.7 
6 S 85 5.1E-5 12.5 
6 S 389 9.3£-7 201.5 
6 T 729 6.5£-5 54.1 
8 S 17 5.9E-4 1.3 
8 S 145 3.5£-5 29.9 

10 S 21 7.5£-4 2.3 
10 S 221 4.0£-5 69.2 
12 S 25 4.4£-4 3.8 
12 S 313 4.8£-5 157.8 
14 S 29 4.3£-4 5.7 
14 S 421 3.7£-5 339.1 
16 S 33 4.5£-4 8.5 
16 S 545 4.0£-5 724.1 
18 S 37 3.7£-4 12.2 
18 S 685 2.6£-5 1819.4 
20 S 41 3.3£-4 17.1 
20 S 841 1.9E-5 2107.4 
22 S 45 33E-4 23.3 
22 S 1013 MES 4087.4 

additive. We present the estimates of two variants of the models: one with small 
{ai, ai, (Ty) = {8.66i?-4, 1.1E-3, 1.58£-4} and one with large measurement er- 
rors {(Ti, ai, ay] = {4.65E-4, 3.Í2E-3, 1.75£-2}. The large standard deviations 
are set to 1% of the steady state values and the small ones are set to the values 
in Fernández-Villaverde and Rubio-Ramírez (2005). 

4.2.1. Likelihood 

The particle filter is run with 40,000 particles, the Smolyak Kaiman filter with 
integration level 3, the Smolyak particle filter with integration level 2 and 500 
particles, and the Smolyak sum filter with integration level 3 and 20 Gaussian 
summands. All solutions are calculated with Smolyak level 3 for the policy ap- 
proximation and the rational expectation integrals. 

Figures 1 and 2 show slices through the multidimensional likelihood. The 
left plots show likelihood values from data with small measurement errors and 
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Figure 1.- Likelihood at true parameters for r = 50 and aa = 0.035. 

the right plots show values from data with large measurement errors. We set 
all parameters to their true values and vary t at the abscissas, and plot them 
against the likelihood values at the ordinates. 

The results are rather encouraging for all our filters as the values are very 
similar. As expected, the particle filter gets into trouble for small measurement 
errors in the model with r = 50 and cra = 0.035 in the left plot of Figure 1. 

The running times for one likelihood evaluation are very different: 120 sec- 
onds for the particle filter, 0.2 seconds for the Smolyak Kaiman filter, 6 seconds 
for the Smolyak particle filter, 0.5 seconds for the Smolyak sum filter, 0.015 
seconds for the linear Kaiman filter, and 0.2 seconds for the extended Kaiman 
filter. 

The particle filter is hardly useful in combination with a Chebyshev approx- 
imation where the policy function interpolation at the particles is the main 
bottleneck. A possible remedy is to use a finite element solution with its fast 
interpolation and to accept a larger grid for the same approximation quality. 
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Figure 2.- Likelihood at true parameters for r = 2.0 and aa = 0.007. 
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4.2.2. Parameters 

We have implemented an interactive sampling environment in JBendge 
where the Metropolis-Hastings parameters yGE and b can be changed, and 
individual sequences can be restarted while sampling. This greatly simplifies 
the maximization and acceptance ratio tuning. 

The usual procedure within our framework has three stages. The first one 
searches for the posterior mode. At this stage the mixing parameter yGE can 
be rather large between 0.8 and 2.0 according to the prescription for the dif- 
ferential evolution algorithm of Storn and Price (1997). During this stage the 
acceptance ratio is usually very low. During the second stage, we sample until 
the diagnostic tests signal convergence, and tune the parameters yGE and b to 
obtain an acceptance ratio around 0.3. For all estimations, parameter b is set 
to 1E-6 and yGE is set between 0.1 and 0.4. Both parameters are remarkably 
stable across the linear and nonlinear estimations. This helps us to find the 
appropriate values for the nonlinear estimation by fast linear estimation runs. 
Once the convergence of the sampler is detected, we get into the third stage, 
where we sampled 50,000 draws. 

The start values of the sequences are random draws from the uniform pa- 
rameter priors: [0, 1] for a, p, 0; [0.75, 1] for ß; [0, 0.05] for 8; [0, 100] for r; 
[0, 0.1] for all shock variances. 

We run the estimation for 13 parameters with 32 parallel sequences. The 
synchronization necessary for the 16 CPUs results in an average utilization of 
50% for the nonlinear estimation, while the linear estimation, scales almost 
linearly. 

It takes about 1500 draws for each of the 32 sequences to find the mode of 
the posterior density and another 1000-4000 draws to converge. The complete 
estimation process takes around 5 minutes for the linear estimation, about 
2 hours for the nonlinear estimation with the Smolyak Kaiman filter, 4 hours 
with the Smolyak sum filter, and 20 hours with the Smolyak particle filter. The 
particle filter is much too slow to be of practical use. 

In Figure 3 we report representative Smolyak Kaiman filter estimates of the 
model with t = 50 and aa = 0.035. The vertical bars indicate the true parame- 
ter values. The data are generated with a very accurate solution with integra- 
tion and solution approximation level 5, an Euler error of liï-10, and small 
measurement errors. 

The summary of our findings is the following. All nonlinear filters clearly 
outperform the linearization plus Kaiman filter approach. All nonlinear filters 
have problems accurately estimating the parameter r, which is biased and has a 
large standard deviation of the posterior. The standard deviation of the poste- 
riors for the measurement errors of output and investment are large and are of 
the same magnitude as the estimates themselves. The results are similar with 
respect to the various filters. Large measurement errors do not deteriorate the 
mean of the estimates, but consistently increase the standard deviations of the 
posteriors. 
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PlcìURK 3.- Parameter posterior with the Smolyak Kaiman filter. 

We investigated the estimation problems for the parameter r in some detail 
Our first suspicion was that this result is due to poor performance of our fil- 
ters. Since we did not run a full estimation with an accurate particle filter, we 
had no benchmark. What we did was to compare the likelihood values calcu- 
lated by the particle filter at several parameter vectors visited by other filters 
during their sampling process. The finding was that r is not properly identified 

This content downloaded from 134.155.150.199 on Wed, 20 Nov 2013 20:08:26 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


NONLINEAR DYNAMIC MODELS 819 

in this model as the particle filter also clearly indicates a flat likelihood along 
the T dimension. The detailed simulations can be found in the Supplemental 
Material. 

We conclude that the poor estimates of r are not a problem of our nonlinear 
filters, but are a feature of the model, and thanks to good global search proper- 
ties of our parallel Metropolis-Hastings algorithm, we were able to find these 
parameters. 

The last calculation is the marginal likelihood which gives similar results for 
large and small measurement errors. The Smolyak Kaiman filter clearly out- 
performs the estimation based on the linear Kaiman filter. The estimations 
with the Smolyak sum and Smolyak particle filter are better than that with the 
Smolyak Kaiman filter. 

5. CONCLUSION 

The Smolyak operator is highly effective for a global solution of models with 
about 20 states. The operator is also useful for numerical integration essential 
in many econometric applications. 

The Smolyak Kaiman filter is very fast and useful if the posterior and predic- 
tion densities are reasonably approximated by a Gaussian density. If not, they 
can be approximated by Gaussian sums in the Smolyak sum filter. The particle 
filter is of little use in our implementation in combination with a Chebyshev 
approximation where the interpolation is costly and it results in very costly 
likelihood evaluations. The Smolyak particle filter is slower than both deter- 
ministic filters, but much faster than the particle filter. 

The parallelized Metropolis-Hastings algorithm improves the global maxi- 
mization properties of the serial algorithm, avoids extensive training sequences 
and robustness checks, simplifies the choice of the innovation variance, pro- 
vides a less biased convergence diagnostic test, and allows implementation of 
the algorithms on parallel computers. 

A major practical improvement for handling the Metropolis-Hastings algo- 
rithm is the interactive graphical user interface of JBendge, which allows a very 
comfortable estimation and algorithm tuning process. 
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